In a d-dimensional topological insulator of order d, there are zero energy states on its corners which have close relationship with its entanglement behaviors. We studied the bipartite entanglement spectra for different subsystem shapes and found that only when the entanglement boundary has corners matching the lattice, exact zero modes exist in the entanglement spectrum corresponding to the zero energy states caused by the same physical corners. We then considered finite size systems in which case these corner states are coupled together by long range hybridizations to form a multipartite entangled state. We proposed a scheme to calculate the quadripartite entanglement entropy on the square lattice, which is well described by a four-sites toy model and thus provides another way to identify the higher order topological insulators from the multipartite entanglement point of view.
In a d-dimensional topological insulator of order d, there are zero energy states on its corners which have close relationship with its entanglement behaviors. We studied the bipartite entanglement spectra for different subsystem shapes and found that only when the entanglement boundary has corners matching the lattice, exact zero modes exist in the entanglement spectrum corresponding to the zero energy states caused by the same physical corners. We then considered finite size systems in which case these corner states are coupled together by long range hybridizations to form a multipartite entangled state. We proposed a scheme to calculate the quadripartite entanglement entropy on the square lattice, which is well described by a four-sites toy model and thus provides another way to identify the higher order topological insulators from the multipartite entanglement point of view.
I. INTRODUCTION
Entanglement and topological states have close relationship, which is extensively studied in recent years. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] Generally speaking, a nontrivial structure of the entanglement spectrum, e.g. degeneracy of the many body one or zero modes of the single particle one, always indicates a nontrivial topological state, and vice versa. [3] [4] [5] 11 ] The key point is that the entanglement boundary in some sense mimics the physical boundary which is further related to the topological property via the usual bulk-boundary correspondence: a d-dimensional topological insulator has gapless states on its (d−1)-dimensional boundaries. [18] [19] [20] [21] Very recently, a generalization of the topological insulator called higher order topological insulator is theoretically predicted and observed in experiments. [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] Different from the conventional topological insulators, the gapless boundary states now exist on the (d − n)-dimensional boundaries for a n-th order topological insulator. The widely used entanglement spectrum with cylindrical (smooth) bipartite scheme can not be directly applied to identify such higher order topological insulators due to the missing of (d − 1)-dimensional gapless boundary states. However, a straightforward generalization can be conceived by choosing the subsystem with (d − n)-dimensional (non-smooth) entanglement boundaries, in which case an additional contribution from the non-smooth corners [16] would lead to a nontrivial entanglement spectrum and thus identify the higher order topological insulators. Such a scheme is proposed in a similar way called nested entanglement spectra by Schindler et al. in Ref. 24 . In this work, we focus on a special case with n = d on the square lattice to check the validity of this conjecture and further examine the effect of different subsystem shapes on the entanglement spectra. It turns out that only when the corners of the subsystem match the full lattice, exact zero modes exist in the entanglement spectrum which correspond to the zero energy corner states caused by physical boundaries.
On the other hand, in a real topological system with finite size, its zero energy boundary states can be coupled together by long range hybridizations and thus also contribute to the total entanglement spectrum/entropy, which was proposed to detect the topological degeneracy induced by boundaries in conventional (first order) topological insulators. [14] Here, for the d-th order topological insulator with open boundary condition, the zero energy corner states are hybridized to form a fully multipartite entangled state. Focusing on the square lattice case, we propose a scheme to calculate the quadripartite entanglement entropy as a subleading correction of the area law. The obtained result shows a universal value which is well described by a toy model with only four sites and thus directly identifies the existence of these zero energy corner states.
II. MODEL AND BIPARTITE ENTANGLEMENT SPECTRA
We adopt the model from Ref. 24 defined on the square lattice,
where c i is a four component (two spins and two orbits) fermionic annihilation operator with i the lattice site index, σ x,y,z /τ x,y,z are Pauli matrices acting in spin/orbital space while σ 0 is the rank two identity matrix. In the last term, d e = 1, −1 for e = x, y, respectively. When ∆ = 0, this model respects a time reversal symmetry represented by T = σ y τ 0 K (K means complex conjugate) and goes back to the usual topological insulator with gapless edge states. [20] When ∆ = 0, the time reversal symmetry is broken and thus gaps out the edge states. But at each corner matching the square lattice, one zero energy mode is left as a result of the nonzero bulk quadrupole moment. [22] Such a picture is seen in Fig. 1 boundary condition. There are four zero modes as shown in the insets, the charge distribution of which are shown in Fig. 1(b) . Throughout this work, we use the model parameters m = 2t = 2λ = 1 and ∆ = 0.25.
In this work, we are interested in the entanglement behavior of the model Eq. 1 partly because the entanglement spectrum and entropy always give us valuable information about the topological properties. In practice, we first solve the correlation matrix C IJ = c † I c J where I and J are grouped indices containing both site and internal degrees. Then, by choosing I A ∈ A and J A ∈ A where A is a subsystem of the whole lattice, we get a constraint correlation matrix C A . [3, 32] Its eigenvalues f E,n are called entanglement occupation and directly related to the single particle entanglement spectrum ξ n = ln f −1 E,n − 1 which are defined as the energy levels of the reduced Hamiltonian H A as appearing in the reduced density matrix ρ A = 1 ZA e −HA . From the entanglement occupation, the entanglement entropy is directly given by
We first investigate the bipartite entanglement spectra. In topological insulators, the bipartite entanglement spectra are proven to have exact correspondence to the edge states. [5] In special, for a given entanglement boundary, a pair of entanglement occupations f E = 0.5 correspond to a pair of zero energy states caused by the same physical boundary. A widely used bipartite scheme for the usual topological insulators employs the cylindri- cal geometry as shown in the inset of Fig. 1(d) , for which the entanglement spectrum is gapped out similar to the physical edge states in Fig. 1(c) . Hence the cylindrical bipartite scheme only indicates that the system is not a (first-order) topological insulator. Then a natural question is whether there is a way to identify the second order topological feature? The answer is yes. In fact, from previous studies in conformal field theory, it is known that the non-smooth entanglement boundary would cause a subleading correction to the area law known as corner contributions. [16] Here, By noticing that the zero energy states now do not appear on edges but only on corners and following Fidkowski's correspondence, it is thus expected that a non-smooth bipartite scheme containing the same corners in the entanglement boundary would cause half-occupied modes with f E = 0.5 in the entanglement spectrum.
In Fig. 2 , we investigate four kinds of subsystem geometries as shown in each inset, including the cylindrical bipartite scheme in (a), square subsystems in (b,c) and a diamond shaped subsystem in (d). In (a) and (d), the entanglement spectra are gapped out indicating the loss of zero energy modes in the two kinds of physical boundaries. While in (b) when the subsystem has four corners exactly matching the square lattice, we obtain four halfoccupied modes with f E = 0.5 corresponding to the four localized zero energy corner states. The case in (c) is more tricky. The entanglement spectrum does show a nontrivial gapless behavior in thermodynamic limit indi-cating the existence of four branches of extended gapless states not confined to the corners but to the edges, which however does not imply the (first order) topological insulator since the boundary is only specifically-chosen.
III. QUADRIPARTITE ENTANGLEMENT ENTROPY
In the above studies, we have assumed periodic boundary condition to calculate entanglement spectra without involving physical boundaries. However, for a real physical system with finite size, [33] the corner states will be hybridized together to form a multipartite entangled state. In the following, we would like to investigate the quadripartite entanglement entropy among the four corner states in our model. Following the idea of obtaining the topological entanglement entropy, [1, 2] we propose to divide the whole system into four parts denoted by A, B, C and D as sketched in Fig. 3(a) . After taking AB, AD and AC as the subsystems to obtain three bipartite entanglement entropies, respectively, we define
which gives a subleading correction to the area law. Physically speaking, ∆S E contains two kinds of contributions: one is from the non-smooth corner contributions from the bulk states and the other from the long range quadripartite entanglement among the four corner states. By numerics we obtain S E (AB), S E (AD) and S E (AC) as functions of L y by fixing L x = 20 as shown in Fig. 3(b) . For large enough L y , S E (AB) and S E (AC) increase linearly with respect to L y since the entanglement boundary lengths are proportional to L y . While S E (AD) converges because the entanglement boundary length only depends on L x . From the three kinds of bipartite entanglement entropies, we obtain ∆S E as plotted in Fig. 3(c) . For comparison, we also plot curves with different L x = 14, 26 and 32. More thorough results are shown within a color plot in Fig. 3(d) . For all cases with a fixed L x , the curve shows a peak at L y = L x and converges when L y ≫ L x because in which case the four corner states only form a direct product state between |14 and |23 and thus make no contribution to ∆S E . While the corner contributions are from the short range entangled (gapped) bulk states near the non-smooth entanglement boundaries. Therefore, as long as L y is much longer than the decay length of the bulk states, ∆S E converges. On the other hand, in the case of L y = L x , the four corner states form a quadripartite entangled state which make additional contributions to ∆S E . Interestingly, if we take the difference between the L y = L x and L y ≫ L x cases for large enough lattice sizes, we obtain a universal value 0.2797 which is independent of the specific model parameters and only manifests the long range quadripartite entanglement among these four corner states.
Next, we use a four-sites toy model to explain the numerically obtained universal value 0.2797. By solving the tight binding model containing only four corner states denoted by 1, 2, 3 and 4, respectively as shown in Fig. 3(a) , with only nearest neighbour hopping and a threaded flux (in order to break the degeneracy), [22] its two occupied states are obtained
The total ground state is then given by
which is a fully quadripartite entangled state in space. [34] Then the eigenvalues of the reduced correlation matrices can be solved exactly as
and
which then give the quadripartite entanglement entropy
The value is exactly the same as what we obtained in numerics by subtracting the result of L y ≫ L x → ∞ from the square case with L y = L x → ∞. In fact in the toy model by setting L y → ∞, i.e. turning off the hoppings between sites 14 and 23, the ground state is simply a direct product state
which indeed gives ∆S E = 0 by definition.
IV. SUMMARY
In this work, we studied the entanglement behavior of a second order topological insulator on the square lattice. For the bipartite entanglement spectra, we find that suitable chosen of the subsystem shape, i.e. right angle corners matching the lattice in our model, would give zero modes in the entanglement spectrum corresponding to the zero energy corner states. For a finite size system, the long range entanglement among these four corner states are also studied. We propose a quadripartite scheme to measure the multipartite entanglement entropy which is well described by a four-sites toy model and thus can in turn used to identify the existence of these zero energy corner states.
At the end, let us briefly discuss the generalizations to other types of higher order topological insulators. (1)For the bipartite entanglement spectra, the generalization is straightforward as long as the entanglement boundary is chosen the same as the physical boundary following Fidkowski's work. [5] (2) In the case of open systems, the multipartite strategies depend on given geometries. For example, on the cubic lattice, we can divide the whole lattice into eight blocks (as a 2 × 2 × 2 magic cube) denoting as A 1,2 , B 1,2 , C 1,2 and D 1,2 where the subscripts (1, 2) indicate two layers and A ∼ D are denoted following Fig. 3(a) . Then, the subleading correction of the entanglement area law can be defined as ∆S E = S E (A 1 , B 1 , C 1 , D 1 ) + S E (A 1 , B 1 , A 2 , B 2 ) + S E (A 1 , D 1 , A 2 , D 2 ) − S E (A 1 , C 1 , B 2 , D 2 ) whose nonzero value after removing relevant corner contributions can be used to identify the eight zero energy corner states. Similarly, different divide schemes can be designed for other geometries.
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